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Abstract
A new formulation of (3+1)-dimensional anisotropic hydrodynamics is presented that accounts nonperturbatively for the
large longitudinal-transverse pressure anisotropy and bulk viscous pressure in heavy-ion collisions. The initialization
of the anisotropic hydrodynamic stage is discussed, and a comparison to standard viscous hydrodynamics for (0+1)-
dimensional Bjorken expansion is presented.
Keywords: relativistic heavy-ion collisions, quark-gluon plasma, anisotropic hydrodynamics, viscous fluid dynamics
1. Introduction
Relativistic viscous hydrodynamics has been successful in describing the evolution of the quark-gluon
plasma phase in heavy-ion collisions. It is the centerpiece of state-of-the-art hybrid models, which describe
a wide variety of experimental data for different collision systems. However, 2nd order viscous hydrodynam-
ics relies on the assumption that the shear stress piµν and bulk viscous pressure Π are small compared to the
thermal pressure. This is questionable at early times and close to hadronization: strongly anisotropic expan-
sion in heavy-ion collisions drives large longitudinal-transverse pressure anisotropies PL−P⊥ at early times,
and the quark-hadron phase transition can generate a large bulk viscus pressure Π = (2P⊥+PL)/3 − Peq
towards the end of the fluid dynamic stage. In this contribution we present a new formulation of anisotropic
hydrodynamics that evolves the longitudinal and transverse pressures PL and P⊥ at leading-order. Only
the smaller residual shear stresses are treated perturbatively. For systems without conserved charges a full
account of the formalism is presented in [1]; here we only summarize its essential features but add a dis-
cussion of how to initialize the anisotropic parameters that are necessary for computing the initial values
of the anisotropic transport coefficients. A brief comparison of the evolution of the pressure anisotropy
PL/P⊥ in (0+1)-dimensional Bjorken expansion between our new approach and standard 2nd order viscous
hydrodynamics concludes these proceedings.
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Fig. 1. The dimensionless shear and bulk relaxation times computed in the quasiparticle model (solid) and for a nearly massless
Boltzmann gas (dashed) as functions of temperature. The temperature dependences of η/s and ζ/s are taken from the Bayesian
analysis presented in [7] while the functions βpi,Π(T ) for the two models are given in Eqs. (82) and (E17) of Ref. [1].
2. Anisotropic hydrodynamic equations
For anisotropic hydrodynamics the energy-momentum tensor is decomposed as [2]
T µν = E uµuν + PL zµzν − P⊥ Ξµν + 2 W (µ⊥zzν) + piµν⊥ , (1)
where uµ is the fluid velocity, zµ reduces to the longitudinal unit vector in the local rest frame (LRF),
Ξµν = gµν − uµuν + zµzν projects on the transverse directions in the LRF, and E, PL, and P⊥ are the LRF
energy density, longitudinal and transverse pressure, respectively. The residual shear stress components,
given by the longitudinal-momentum diffusion current Wµ⊥z and the transverse shear stress tensor pi
µν
⊥ , are
assumed to be smaller than PL and P⊥.
Ten equations are needed to evolve T µν. The energy-momentum conversation laws evolve E and uµ,
with the equilibrium pressure Peq(E) given by the QCD equation of state (EoS). Six relaxation equations
for the dissipative terms PL−Peq, P⊥−Peq, Wµ⊥z, and piµν⊥ describe the competition between global expansion
(driving the system away from local equilibrium and momentum isotropy) and interactions among the mi-
croscopic constituents (driving the system closer to local equilibrium). Hydrodynamics being an effective
field theory for the long-distance dynamics of multiparticle systems [3], the structure of these equations is
universal, with specific medium properties encoded in the EoS and a set of transport coefficients. In [1] the
Boltzmann equation in the relaxation-time approximation for a system of weakly interacting quasiparticles
with a medium dependent mass m(T ) is used to derive these relaxation equations, including one for a mean
field B needed for thermodynamic consistency [4]. We expand the distribution function as f = fa + δ f˜
where fa(x, p) = exp
[
−
√
m2 + p2⊥,LRF/α
2⊥(x) + p2z,LRF/α
2
L(x)
/
Λ(x)
]
is the leading-order anisotropic distribu-
tion and δ f˜ (for which we use a 14-moment approximation) generates the residual dissipative corrections.
The momentum anisotropy parameters αL,⊥(x) are matched to PL,⊥(x) dynamically via generalized Landau
matching conditions [1, 5, 6]. Similarly, the effective temperature Λ(x) is matched dynamically to the energy
density E(x) which defines the local temperature T (x) through the EoS. This yields a relation T (Λ, α⊥, αL).
After using the generalized Landau matching conditions to eliminate all derivatives of the microscopic
anisotropy parameters Λ, α⊥, αL and the mean field B in terms of the macroscopic hydrodynamic variables
E, P⊥ and PL, a set of purely macroscopic evolution equations is found, with source terms that describe
the generation of dissipative flows in terms of hydrodynamic gradients multiplied by transport coefficients
[1]. Ref. [1] calculates the transport coefficients within the quasiparticle kinetic model as functions of the
microscopic parameters Λ, α⊥, αL which can be obtained (in this model) from E, P⊥ and PL; eventually,
they should be computed directly from QCD.
The relaxation equations contain two relaxation times, τpi and τΠ. In kinetic theory, they are proportional
to the shear and bulk viscosities: τpi = (η/s) × (s/βpi) and τΠ = (ζ/s) × (s/βΠ). The specific viscosities
(η/s)(T ) and (ζ/s)(T ) are modeled phenomenologically [7]. In kinetic theory the entropy density s(T ) and
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Fig. 2. Initial values of the parameters (Λ, αL, α⊥) and the mean field B as functions of the initial pressure ratio PL/P⊥ for fixed bulk
viscous pressure Π (a) and the subsequent Bjorken evolution of PL/P⊥ (b), for an initial temperature T0 = 0.5 GeV at τ0 = 0.25 fm/c.
the coefficients βpi,Π(T ) are given by thermodynamic integrals over the distribution function [8]. Commonly
used expressions for βpi,Π in the limit m/T  1 [9] are found to deviate strongly from their quasiparticle
model counterparts where typically m/T & 1 if the model is tuned to reproduce the lattice QCD EoS [5].
Fig. 1 shows the dimensionless relaxation times Tτpi,Π in the quasiparticle model (solid) and small mass
limit (dashed). While the shear relaxation times are similar in the two cases, leading to similar transient
dynamics for the shear stress during the early collision stages, the bulk relaxation times differ by an order
of magnitude around Tc ' 154 MeV. While both models show critical slowing down of the bulk viscous
dynamics, this effect is dramatically enhanced in the quasiparticle model tuned to the lattice QCD EoS. The
corresponding delay of the medium’s response to the scalar expansion rate limits the overall magnitude of
the bulk viscous pressure Π [1]. This could have important phenomenological consequences for Bayesian
statistical constraints on (ζ/s)(T ), a full investigation of which may require promoting TτΠ in Bayesian fits
to a phenomenological function of temperature.
3. Initialization of anisotropic hydrodynamics
For the calculation of transport coefficients from the quasiparticle model, the microscopic parameters
(Λ, αL, α⊥) must be calculated from the macroscopic entities (E,PL,P⊥). This also requires knowledge of
the mean field B [1] for which we solve an evolution equation in parallel to the relaxation equations for
the dissipative flows [1]. Like the latter, B requires an initial condition. However, given an EoS Peq(E),
not every initial condition for (E,PL,P⊥, B) can be successfully described within the quasiparticle kinetic
theory because the latter features positive definite values for the kinetic pressure contributions. A discussion
of possible initializations of B is therefore of interest.
Let us assume (0+1)-dimensional Bjorken expansion and initial values T µν0 = T
µν(τ0) for the energy-
momentum tensor provided by some conformal pre-hydrodynamic evolution model involving massless de-
grees of freedom. Matching this to the anisotropic hydrodynamic form (1) with a QCD EoS, the starting
values for E,PL,P⊥ can be obtained from T µν0 . Since the QCD EoS breaks conformal invariance this match-
ing results in a non-zero initial bulk viscous pressure Π0 which is independent of the pressure ratio PL/P⊥.
Writing the initial mean field as B = Beq +δB, the equilibrium part Beq(T0) is determined by thermodynamic
consistency from the initial temperature T0, provided by the EoS E(T ). If one assumes that δB evolves on
a much longer time scale than τΠ one can set δB ≈ (3τΠm˙Π)/(m−4τΠm˙) [1]. The microscopic parameters
X = (Λ, αL, α⊥) are then obtained by solving
(
E(k)(X)−E+B, P(k)L (X)−PL−B, P(k)⊥ (X)−P⊥−B
)
= 0 where
the superscript (k) denotes the kinetic contributions [1]. The results are shown in Fig. 2a. For PL/P⊥ . 1,
the mean field contributes little to this equation (B/Peq ∼ − 0.1 at high temperatures), and a simple trend
emerges: Λ ≈ const., αL decreases, α⊥ increases slightly, and B ≈ const. As PL/P⊥ approaches the value
0.08, αL approaches zero (leading to zero longitudinal kinetic pressure), and α⊥ also starts to decrease. For
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PL/P⊥ < 0.08, the root-finding algorithm breaks down because P(k)L = PL + B starts to become negative.
To keep P(k)L in bounds one must give up the adiabatic approximation for δB introduced above. The solution
shown in Fig. 2 assumes that for PL/P⊥→ 0 the initial mean field B approaches zero linearly.
Figure 2b shows the ensuing time evolution of PL/P⊥. The early-time dynamics is insensitive to the
detailed assumptions made in the initialization of the mean field B since δB is only a small viscous correction
to the macroscopic pressures. One notes that after about 1 fm/c the system has lost its memory of the initial
conditions and the pressure anisotropy converges onto a hydrodynamic attractor.
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Fig. 3. Bjorken evolution of the ratio PL/P⊥ for anisotropic
hydrodynamics (solid red) and standard 2nd-order viscous
hydrodynamics with quasiparticle (long-dashed blue) and
small mass (long-dashed green) transport coefficients. Ini-
tial conditions are T0 = 0.5 GeV and (PL/P⊥)0 = 0.01
at τ0 = 0.25 fm/c. The regulated PL/P⊥ ratios (dash-dotted
lines) are computed with the regulation scheme implemented
in iEBE-VISHNU [10], using a time step ∆τ = 0.01 fm/c in
the hydrodynamic evolution. (We note that MUSIC [11] uses
a less aggressive regulation scheme that effectively applies
this type of regulation only to regions outside the freeze-out
surface.)
4. Comparison to standard 2nd-order viscous hydrodynamics
Figure 3 shows the Bjorken evolution of PL/P⊥ for anisotropic hydrodynamics (solid red) with Glasma-
like initial conditions: (PL/P⊥)0 = 0.01 and T0 = 0.5 GeV at τ0 = 0.25 fm/c. We compare anisotropic hy-
drodynamics to standard 2nd-order viscous hydrodynamics with quasiparticle (long-dashed blue) and small
mass (long-dashed green) transport coefficients. For early times τ. 1 fm/c, thePL/P⊥ ratio is slightly larger
(corresponding to less anisotropy) in anisotropic than in standard viscous hydrodynamics.
In standard viscous hydrodynamics, the shear stress is very large at τ0, pi ' Peq. Standard viscous hy-
drodynamic codes usually require regulation of such large shear stresses for numerical stability, especially if
they occur in the dilute periphery of the collision fireball. (Even there the (0+1)-d Bjorken model is a good
approximation at very early times.) The need for such regulation is enhanced for small time resolution (e.g.
∆τ = 0.01 fm/c), necessary when using fine transverse grids to resolve large initial spatial gradients. As
shown by the dash-dotted lines in Fig. 3, this regulation quickly (but unphysically) decreases the large ini-
tial pressure anisotropy. In anisotropic hydrodynamics, the pressure anisotropy is evolved non-perturbatively
at leading-order, avoiding the appearance of large viscous corrections that may require regularization. The
residual shear stresses in anisotropic hydrodynamics are much smaller than the longitudinal-transverse pres-
sure difference PL−P⊥ and hopefully do not require significant regulation.
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